Bound states due to a magnetic impurity in a superconductor are investigated by the Yosida theory using the Green's-function formalism of Nakajima. Calculations are a straightforward generalization of a previous work by Soda and the authors. Results of the present work are qualitatively the same as those obtained in the previous one: If the exchange interaction between the impurity and conduction electrons is ferromagnetic, the ground state is doublet and a discrete triplet state appears within the energy gap; if it is antiferromagnetic and weak compared with the superconducting electron-electron interaction, the ground state is doublet and a discrete singlet state appears; finally, if it is antiferromagnetic and strong, the ground state is a singlet bound state. Results are discussed in comparison with the works by Zittartz and MUller-Hartmann and by Sato and Maki. § 1. Introduction
The problem of the Kondo effect 2 ) in dilute magnetic alloys has not yet been solved in a satisfactory way in spite of much effort devoted to it. The Y osida theory 3 ) showed that the ground state of a localized spin coupled with conduction electrons by the s-d exchange interaction is a collective bound state if the exchange interaction J is antiferromagnetic (J<O). It also showed that its property is quite normal; for instance, the magnetic susceptibility at zero temperature is finite. 4 ) This conclusion was supported by the recent work of Anderson et al. 5 ) The problem at finite energy and temperature has been investigated by the Green's-function 6 ) and the S-matrix approaches. 7 ) They succeeded in removing the divergence in the perturbation series of the most divergent terms which appears near the Fermi energy at low temperature when J<0. 8 ) According to them, the spin-dependent part of the T-matrix, r in Suhl's notation, vanishes as energy and temperature tend to zero, and the spin-independent part, t in Suhl's notation, approaches the unitarity limit. The characteristic of these theories is that they approach the limiting values in a singular way. For instance, r at the Fermi surface vanishes as (log T)-
•
The ground state given by these theories seems to have a singular property in contradiction to the Yosida theory. The normal temperature dependence of physical quantities such as resistivity which is observed the Kondo effect, but that the impurity breaks the time-reversal symmetry of the electron system. As was shown in SMN, the perturbational series of the most divergent terms is convergent when J>Jc~-V, V(>O) being the electronelectron interaction in a superconductor, and it is divergent when J<Jc. Therefore a serious modification of the classical result by the Kondo effect is expected only when J<Jc. The cause of confusion in theories seems to lie in the lack of understanding of this physical situation.
The depth of the bound state from the continuum is determined by the strength of spin-dependent scattering. Spin-independent scattering does not contribute to the formation of the bound state as it does not break time-reversal symmetry. Conversely speaking, we can get important information on the spindependent scattering if the position of the bound state is obtained. Thus this problem will also be interesting from the standpoint of investigating the Kondo problem itself.
In SMN, calculations were carried out within the first approximation in the sense of the Yosida theory. To establish the relationship between the Yosida theory and the Green's-function theory, it is worthwhile pushing calculations to infinite order. For this purpose we adopt in this paper the Green's-function formalism developed by Nakajima 17 l for the case of a normal metal, as it is convenient for a systematic calculation. Recently Sato and MakP 5 l made a similar calculation independently of us. However, as will be discussed in § 5, their results and interpretations are different from ours. Throughout this paper, we assume 'the order parameter L1 to be unchanged *) In references, there has been some confusion in the meaning of the term "bound states". In SMN it just means a localized state of electrons around the impurity as it should, and it was shown there that the bound state appears as a discrete level within the energy gap when J>O and when J<O and IJI~V, and that it becomes the ground state when J<O and IJI~ V. In Refs. 10), 12) and 13), the bound state of the former type was only discussed. The bound state discussed in Ref. 14) is of the latter type.
by the magnetic impurity. In a real superconductor, it is affected by the impurity and should be determined self-consistently. Recently Kuroda 18 ) showed that its effect to the bound state is negligible for the case of a classical spin, but it
is still an open question how it affects the result especially when JJJ> V. To our purpose discussed above, however, it is not restrictive to take L1 as a parameter independent of the spacial coordinates.
Though we take the magnitude of the impurity spin S arbitrary, we consider only the states with the total spin Sand S ± 1/2. The problem how states with higher or lower spin, i.e., states of the impurity spin coupled with two or more electrons, are formed is complicated and is not discussed here. We call the states with the total spin S -1/4, S and S + 1/2 "singlet", "doublet" and "triplet", respectively, after their names for S = 1/2.
In § 2 we develope a general formalism using the Green's function. It is applied in § 3 to the ground state and the discrete excited state for the cases J>O, J<O and JJJ < V, and in § 4 to the ground state for the case J<O and IJI > V. The results obtained in these sections will be a simple generalization of those obtained in SMN. In § 5, our theory will be compared with other theories, ZM and the work of Sato and Maki. In the Appendix, we investigate discrete poles of the Green's function of ZM at zero temperature. § 2. Green's functions and vertices
The system we are investigating consists of conduction electrons In a superconducting state and a localized spin at the impurity site. The Hamiltonian is given by
where H 0 is the BCS Hamiltonian of a pure superconductor. The superconducting order parameter L1 is assumed to be uniform and unchanged in spite of the presence of a magnetic impurity. Hsd is the usual s-d exchange interaction between conduction electrons and the impurity spin:
Here we made use of the quasifermion formalism of Abrikosov : 8 l i.e., the spin operator S of the impurity is expressed. by the creation and annihilation operators a 13 t and a 13 of quasifermions as
Other notations are the usual ones. As was shown in SMN, the wave functions of the singlet and triplet states are given by L: Tkafla'kaatHbo+ (terms with a product of three or more at's). (2·4) ka{J Here (/) 0 is the ground-state wave function of a pure superconductor, and a~a Is the creation operator of a quasiparticle defined by 
give energies of the states we are investigating. In particular, if we decompose J{ into the singlet and triplet components as
J{ 11 (w) and J{t (w) determine the energies of the singlet and triplet states, respectively. Here projection operators P 11 ,t are defined by
and the matrix notation has been used with respect to spin indices. 
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we introduce the 2 X 2 matrix Green's function 
) with (2·16)
When we are interested in doublet states we have to investigate the "oneparticle" Green's function of quasifermions defined by
It is readily seen that the poles of its Fourier transform y (w) give energies of doublet st~tes.
The Green's functions K(w) and y(w) are calculated by means of the usual graphical expansion. The free propagators of quasifermions and electrons, which will be represented in graphs by dashed and solid lines respectively, are defined by Concerning the vertex some remarks should be given. 
The bare Vertex can simply be taken as -(Jj2N) S · u. Thus the expansion series .for the Green's function becomes quite similar to the case of a normal metal except that the electron propagators are 2 X 2 matrices in the present case.
Following Nakajima, we next introduce the self-energy of propagators and the irreducible vertex. There is no self-energy correction to electron propagators, while the self-energy of quasifermion propagators is included by replacing the free propagator g 0 by the renormalized one g given by Eq. (2 ·17) . Using the self-energy SJ(w), g (w) is expressed as
where SJ (w) is the sum of the series as illustrated m Fig. 1 . In calculating the closed loop of electron propagators, we have to take a half of the trace of the product of G 0 's. The second order term, for instance, gives Then, using ru (u = s, t), Ku is given by a series illustrated in Fig. 3 , where the total vertex fu is also defined:
where 
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we denote two diagonal components of r u and r: thus diagonalized by ru (±) and fu<±), respectively. Similarly, diagonalizing G 0 <te, we introduce G 0 ><±) and G 0 «±):
Then, in calculating ru<±) and fu<±) perturbationally, internal electron propagators should be taken as G 0 ><±) for forward ones and as G 0 «±) for backward ones and summation over k should be restricted to the region Jkl >kF.
The general formalism so far developed will be applied to various cases in the following two sections. § 3. Ferromagnetic and weak-antiferromagnetic cases
In this section we shall consider the cases J>O (ferromagnetic) and J<O and JJJ < V (weak-antiferromagnetic). As was shown in the previous paper, there is no difficulty of divergence of a perturbation series in these cases. Therefore no serious modification is expected to the result for a classical spin, though the coupling constant may effectively be modified by the quantum effect of ·spin (i.e., the Kondo effect).
Let us first examine the Green's function of quasifermions g (w) to find the lowest-energy doublet state. It will be found to be the ground state of the system in the present cases. The second-order term of the self-energy, Eq. If the w-dependence of Q is neglected here, w in Eq.
Performing similar calculation of higher-order terms, we finally get
where E 0 =!J(O) and A(w) is a series given by 
As is seen from Eq. (3·1), SJ(w) has the finite imaginary part for w>Eo+2J and g(w) has a branch cut on the real axis for w>Eo+2LI, while the singularity at ()) = E 0 is a discrete pole. The branch cut corresponds to the states with two or more quasiparticles excited. It is clear that the lowest energy of doublet states is E 0 • It will also be shown in the following calculation that it is the ground state of the system in the present cases. Equation (3 · 6) is a good approximation at negative large frequencies, as logarithmic terms in Eq. (3 · 4) are small there. When g appears as an internal line of graphs, we need its value at w-E 0 -~k8k with 8k's of order D. Thus we can use Eq. (3 ·6) for internal g's as a good approximation. This verifies the approximation taken in the derivation of Eq. (3 · 4) .
Proceeding to the study of the singlet and triplet states, we shall examine singularities of the Green's function Ku(w). Since its bound-state poles appear m the vertex function, we have to study fu <±) (ek, co-ek; ek,, co-ek').
We first observe that, as discussed above, inclusion of the self-energy correction to quasifermion propagators changes frequency from co to {;)=co-E 0 • Let us calculate two simple contributions to fu (±) shown in Fig. 4 
where we put
For the constant density of states, summation over k1 In Eqs. (3 · 7) and (3 · 8) Is calculated as follows : tribution in this region of w'. From these considerations it is seen that, when ()) increases, fu<+> diverges near 05 = Ll. This divergence arises from parallel pairs of dashed and solid lines. Other parts of graphs are convergent in this region of ()) and can be approximated by the expression in a normal metal at frequency -Ll.
Let us express the electron propagator by the sum of two terms as shown in Fig. 5 , where the wavy line and the· solid line with index n correspond to the first and second terms of Eq. (3 ·10), respectively. Then the vertex fu<+> is obtained by summing the series shown in Fig. 6 (a) , where Tu<n> is the irreducible vertex in a normal metal at frequency -Ll. It is rewritten as in Fig.  6 (b) using the total vertex fu<n> in a normal metal given by Fig. 6 (c) . Thus
• n I rni_: 
Using this result, Tu (n) In Eq. (3 ·11) is given by
We can safely use this expression, as it does not diverge m the present cases.
Poles of fu<+> (w), if any, are determined by the equation
It is essentially the same as for a classical spin, except that the coupling constant is effectively replaced by Eq. (3 ·14) in the present cases. Thus poles of 
ru<+)(w) are given as follows: when J>O, Tt(+)(w) has a pole at Eo+Wt where
Wt =A 1-_!!__S 2 p [ 2 ( ~ )2]
1-Jp log A/D (3 ·17)
As Wt and 0) 3 are positive, the states obtained here as poles of Kt,s (w) are excited states with energy higher than E 0 • As is easily seen, Ku (w) has a branch cut on the real axis for w>Eo +A, while singularities obtained above are discrete poles and correspond to bound states with energy within the energy gap. It is cleax that Wt and 0) 8 are quantities to be compared with the position of discrete poles appearing in the Green's function of ZM. Our results completely agree with those of ZM calculated at zero temperature (see the Appendix). § 4.
Strong-antiferromagnetic case
We shall proceed to the case J<O and IJI > V. As Eq. (3 ·17) shows, the singlet bound state is lowered with increasing I Jl, and for I J12: V, becomes lower than E 0 • In the limiting case I Jl > V, it will be almost the same as the Y osida bound state in a normal metal with a minor modification due to the superconducting state.
We have to examine the Green's function Ks (co) and to see where it has the lowest singularity. In calculating it, internal quasifermion propagators are given again by Eq. For internal quasifermion propagators, however, we need the self-energy at energy w-~kek. In this region of energy, there is no difficulty of divergence and !J depends on energy only weakly. It can therefore be approximated by a constant value which is denoted here by E 0 • In the present case, E 0 is neither the groundstate energy nor the lowest energy of doublet states.
We restrict our calculation to the lowest-order correction with respect to J.
As Ks(w) is expected to have singularity at lwi:::::::Tk, we assume lwi:>J. To see how the correction arises, let us calculate contribution to J\<±) (ek, {))-ek; ,sk,, w-ek-) from the graph in Fig. 7 . Aside from a constant factor, it is calculated 
where in the last expression we neglected a higher-order term with respect to J.
The second and third terms are estimated respectively as
(third term)-----=t= (Np)2 I~ I log 1~1 .
The second term gives the lowest-order correction, while the third term can be neglected compared withe the second. f'/±> ({J)) is given by
where we used the matrix notation with respect to k and k', defining the matrices f'/±>, T/n> and Ko <±> by
Introducing the eigenvector ¢s<±> (s,£), we get an integral equation determining the singularity of Eq. (4·4):
T/n> is g1ven in Abrikosov's approximation by
where
which is the Y oshimori equation to be solved in the present case. It of course reduces to the original Y oshimori equation in a normal metal by putting L1 = 0.
To solve Eq. (4·9), we first observe that Is and ¢.~<±> are slowly varymg functions. We rewrite the integral of the second term as follows: Thus we find that T/+) has a singularity at*)
As in a normal metal, the ground state is a singlet bound state whose energy 1s lower than in a normal metal.
At the first glance, it seems that the singularity is a branch point as in a normal metal, as the integral equation determining it is the same in both cases. However, it is incorrect. If we examine the exact equation determining singularities, we see the singularity at Es is a discrete pole and a branch point is at Es + 2L1. This is a situation characteristic of a superconductor. modified by including higher-order terms.
For J>O and for J<O and JJJ < V, they completely agree with the results of ZM at zero temperature given in the Appendix. Co¢-pare Eqs. (3 ·16) and (3 ·17) with Eqs. (A ·19) and (A· 21). It is shown by this comparison that the pole of the Green's function of ZM corresponds to a triplet state for J>O and to a singlet state for J<O and IJI < V. The residues of. the poles calculated in the Appendix are consistent with this correspondence. As was discussed in § 1, the Yosida theory and the Green's-function theory give different results in a normal metal. In these cases, however, there is no difficulty of divergence of a perturbation series and so it is not surprising that two theories give the same result.
We have to mention here to the work of Sato and Maki
14
) who got the same result as ours in these cases. Their argument, however,: is different from ours at two points. First they neglected the self-energy corrections to propagators, saying that they are generally small. On the other hand, following Nakajima, we showed that the self-energy correction to quasifermion propagators is important, and that it gives the ground-state energy Eo in these cases. Secondly they equated poles of the Green's function K (())) to those of the Green's function of ZM. We noticed the difference of the definition of the Green's functions in two theories. The energy of the pole is measured from the BCS ground-state energy of a pure superconductor in the present case, while it is measured from the exact ground-state energy of a superconductor with a magnetic impurity in ZM.
By including the self-energy correction, the frequency ()) reduces to U5 = ())-E 0 , and then U5 is to be compared with the energy in the Green's function of ZM.
In the work of Sato and Maki, they arrived at the correct result because of the cancellation of two incorrect arguments.
For J<O and IJI > V, we found that the ground state is a singlet bound state just as in the case of a normal metal. Though we did not carry out calculations for the case IJI:::::::::: V, it is clear that, when IJI increases, the ground state changes from a doublet state to a singlet state at IJI:::::::::: V. In the Green's function of ZM, the pole goes down as I Jl increases and arrives at z = 0 at I Jl : : : : : : : : : : V. As SakuraF 7 ) discussed for the case of a classical spin, the interchange of the ground state takes place at this point. The situation will be clarified by considering the total energy of the system as a function of J (Fig. 8) . In the figure, Ed, Et and Es denote the total energy of doublet, triplet and singlet states, respectively. For J>O, the ground state is always doublet and the Green's function of ZM has a discrete pole at z=Et-Ed. For O>J>Jc with Jc~-V, the ground state is doublet and the pole is at z=E 8 -Ea. For J=Jc, it is at z=O and so we have E 8 =Ea. As E 8 and Ea are expected to be smooth functions of J, the result of ZM indicates that the ground state is singlet and the pole corresponds to a doublet state for J<Jc. At this point our results agree with ZM agam. In a normal metal the ground-state energy as a function of J has a singu- Strictly speaking, we cannot determine the spin degeneracy of It is allowed to use it in the calculation of § 4, since we needed it in the region where it is convergent. On the other hand, in the calculation of Sato and Maki they used it in the region where it is divergent. The next problem is how the doublet state behaves when J increases further. For J>Jc, the continuous spectrum of excitation starts at Ed+ .d (Fig. 8 ).
*> One of the most important features of the Green's-function theory in a normal metal is that it gives symmetric results for J>O and J<O. The similarity of the mathematical behavior of poles for J>O and J<Jc is closely related to this feature, and the contradiction pointed out here seems to be deeply rooted in the theory. For J<Jc, it starts at Es+ Ll. Then it is obvious that the doublet state is a discrete level as far as IJI is not much larger than IJcl· When IJI increases further, it may pass into the continuum at some value of IJI, or may remain a discrete level even in the limit IJI~ V. To solve this problem, we have to investigate singularities of the Green's function g (w) in detail.*)
When S = 1 1/2, the ground state is truely singlet. Then there remains no single-particle spin-dependent scattering, i.e., r in Suhl's notation, should vanish for all energy at zero temperature. A discrete level, if any, may be formed by a more complicated many-particle scattering. Therefore we expect some important information on the many-particle scattering from the behavior of the doublet pole if it is obtained. For the study of it, the usual approximation of summing the most divergent terms is evidently insufficient. This problem will be discussed in detail in a forthcoming paper.
where F, Rv and Lv are functions of z defined by
At zero temperature, R 0 is given by
for real (J). Then, using the exact relation
Eq. (A· 5) reduces to
Lv (z) is a slowly varying function near the gap edge z = ± J, while F(z)
has branch points there. It is given by
for I (J)j <J, and has a divergent derivative at (J) = ± J. Therefore the {))-dependence ·of Lv ({))) can be neglected compared with that of F((J)) near (J) = ± J. If t (z) has a pole near z = ± J, it is determined by
The upper (lower) sign is to be chosen when the solution Is near If a pole is found at (J) = {)) 0 , the residue of t at this pole is given by a= {S+1,S} 1
(A·14) If a function G (z) 1s introduced by 
